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1. INTRODUCTION

In many financial markets, the quotes are the outcome of a sequential bidding
process. As an illustration, consider the following stylized example. Two dealers
compete in the market for a security which is worth $100.10. The minimum price
variation (or tick size)1 in this market is $1/8. One dealer posts an offer, say an
offer to sell, at $10078 (i.e., $100.87). After a while, say 80 s, his or her competitor
improves upon this offer, bidding at $1005

8. One minute later, the first dealer
realizes that he or she has been undercut. This dealer reacts by posting a new
offer to sell at $10012. This process proceeds until the arrival of a buy order. This
real-world sequential bidding process isnot adequately captured in the typical
market microstructure models. The reason is that these models use Bertrand price
competition to formalize this bidding process. This makes the approach static, with
dealers assumed to choose their offers simultaneously. Consequently, the existing
literature is unable to address the question of how the best offer evolves in between
transactions. We address this question by developing a model in which dealers post
and update their offer in sequence, as in the previous example. In this way, we relate
the timing of offers and the trading costs.

In the model, two dealers post sell prices for one unit of a security. The dealers
revise these prices, in turn, at discrete points in time, until the arrival of a market
order. A key feature of the model is that the dealers do not know the date at which
the market order will be submitted. Consider a dealer who is about to revise his or
her offer and who observes that the best price in the market is above thecompetitive
price (the expected value of the asset rounded to the nearest tick in the model).
The dealer faces the following trade-off. He or she can post the competitive price.
In this case, the dealer secures the execution of the next order and a profit equal
to the tick size. Or he or she can undercut the current quote by only one tick.
Thus, the dealer obtains a larger profit in case of execution, but he or she runs the
risk of being undercut by his or her competitor before the arrival of the market
order. This risk is small if the competitor does not react too quickly to the new
offer. It follows that there are cases in which the dealer is better off undercutting
by only one tick. We show that this results in several rounds of sequential price
improvements before one dealer posts the competitive price. As a consequence, a
transaction can occur at a noncompetitive price and the trading cost depends on
the determinants of the speed with which the best price adjusts to the competitive
level.

The size of the minimum price variation is one of these determinants. We find
that the time for the best price to adjust to the competitive price decreases when the
tick size increases. Actually, a larger tick size creates a bigger wedge between the
competitive price and the expected asset value, yielding dealers a greater profit.

1 In security markets, traders must post their quote on a prespecified grid. The minimum price
variation is equal to the increment between two consecutive prices on this grid. In most of the cases,
the minimum price variation is mandatory and is chosen by market organizers (see Angel, 1997).
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Consequently, dealers are more willing to post the competitive price quickly, and
convergence to this price is faster. This faster price adjustment means that a larger
tick size does not necessarily result in a larger expected trading cost for the liquidity
demander. In fact, we establish that the tick size which minimizes the expected
trading cost is always strictly greater than zero. Thus, our model provides a new
justification for the use of a mandatory tick size in financial markets.

Another important determinant of price dynamics is the frequency with which
dealers check their offer. When dealers frequently revise their offer, each dealer
realizes that he or she is likely to be quickly undercut if he or she does not post the
competitive price. Competitive pressures are stronger and convergence of the best
price in the market to the competitive price is faster. An implication is that there
exists a negative relationship between the expected trading cost and the frequency
of quote changes. We show that this frequency depends on the market-monitoring
cost borne by the dealers. Thus ultimately, we establish a connection between
the expected trading cost for liquidity demanders and the market-monitoring cost
incurred by liquidity suppliers. We also obtain the result that the optimal minimum
price variation increases with the monitoring cost.

In dynamic trading environments, time priority is often used to allocate a trade
between liquidity suppliers posting the best price.2 By this rule, at a given price,
orders entered first are executed first. We compare the equilibria obtained when
time priority is enforced with those obtained with another allocation rule: if there
is a tie, the order is split equally among the dealers posting the best price. In this
case, we find that dealers can stop undercutting each other at a price way above the
competitive price. Bidders are deterred from improving upon their competitor’s
offer by the mere threat of triggering a price war, which would ultimately depress
the trading profits of all the dealers. In contrast, when time priority is enforced,
dealers keep undercutting each other until one of them posts the competitive price.
Thus, after a while, the competitive price iseventuallyposted with time priority.

Maskin and Tirole (1988) also consider a model in which agents alternate in
posting prices. They show that noncompetitive prices can be obtained. They do
not analyze the role of the tick size and the frequency with which prices are
revised, variables which play a central role in our model. Furthermore, since we
use a different set of assumptions concerning the market structure (e.g., time
priority), our results differ substantially from those of Maskin and Tirole (1988).
For example, in our setting, the best price in the market converges to the competitive
price, which is never the case in their analysis. Dutta and Madhavan (1997) show
that collusive outcomes can be sustained when dealers compete over time. They
consider a repeated game in which dealers post pricessimultaneously, at different
points in time. In our framework, the dealers post offersin sequence. This provides
an important role for time priority, and we show that this priority rule makes

2 Domowitz (1993) shows that this rule is prevailing in many electronic markets. There are important
exceptions, however. Time priority is generally not enforced in open-outcry markets like the CBOT. It
is not enforced on the NASDAQ either.
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(implicit) collusive pricing more difficult. Finally, to our knowledge, this model is
the first to analyze the effect of monitoring costs on the timing of offers in a model
of dynamic price competition.

Anshuman and Kalay (1998), Chordia and Subrahmanyam (1995), and Kandel
and Marx (1997) study static models of price competition in which the minimum
price variation plays an important role. They show that price discreteness allows
dealers to capture some rents. They all conclude that azerominimum price variation
eliminates dealers’ rents, i.e., minimizes the expected trading cost for liquidity
demanders. Bernhardt and Hughson (1996) also obtain this result in a model in
which the dealers post their offers sequentially. In all these models, a decrease in
the minimum price variation reduces the wedge between posted prices and dealers’
reservation prices. For this reason, such a decrease lessens the expected trading
cost. Although this effect is present in our framework, it is counterbalanced by
another effect: a decrease in the tick size lengthens the time it takes for the best
price to reach the competitive level. Since a market order can arrive in between
the dates at which dealers revise their offers, it follows that a zero tick size never
minimizes the expected trading cost.

The next section spells out the model and the equilibrium concept which are
used to solve the trading game. Section 3 characterizes dealers’ bidding strategies.
The determinants of (i) price dynamics and (ii) the expected trading cost are
also analyzed. Section 4 endogenizes the frequency with which dealers revise
their offers. Section 5 analyzes the role of time priority. Section 6 discusses the
robustness of the results. Section 7 concludes.

2. THE MODEL

In this section, we describe a model in which price competition between dealers
is dynamic, and we present the equilibrium concept that we use to solve the trading
game.

2.1. The Traders and the Trading Process

Consider the market for a security. Time is continuous and is indexed byt ∈
[0,+∞). Prices are posted by two risk-neutral dealers. For brevity, we focus on
the equilibrium ask prices. It is straightforward to extend the results to the case in
which dealers post askandbid prices.

Dealers post an offer and revise it sequentially at dates{0, 1, . . . , τ, τ + 1, . . .}.
For instance, dealer 1 (say) posts a new ask pricea1

τ at dateτ . Then, after a period
of time1>0, dealer 2 reacts, posting a new offera2

τ+1. This alternating bidding
process is repeated until a trade occurs. The dealer who posts the first offer at date
0 is randomly chosen. The period1 is the time it takes for a dealer to react to a
new offer posted in the market. We refer to1 as thereaction time. The smaller the
reaction time, the more frequent are the quote revisions by the dealers. Checking
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offers takes time, and for this reason dealers refrain from revising their quotes
too frequently. In Section 4, we endogenize the reaction time using this idea.
To simplify the exposition, we have assumed that1 is deterministic. It is worth
pointing out, however, that all the results that follow can be derived assuming that
the reaction time is random. In this case, the average reaction time plays the role
of 1.

A transaction occurs when a trader wants to buy the asset for liquidity reasons.
For simplicity, we assume that the liquidity buyer has a rectangular demand.3

Namely, he or she purchasesL units of the asset if the best ask price is lower than
or equal toRB. Thus, RB is the maximum ask price that can be quoted by the
dealers. We normalizeL to 1. Furthermore, the datẽT at which a liquidity trader
submits his or her buy market order israndom. We assume that̃T is exponentially
distributed with parameterλ.4 Consequently, in each interval [τ, τ + 1], there is a
probability8(1)= 1− e−λ1 that a buy market order arrives.

When the trade occurs, the game stops, and the asset payoff,Ṽ , is realized. The
uncertainty concerning the payoff date guarantees that the model is stationary,
which simplifies the derivation of the equilibrium bidding strategies. The expected
value of the asset is denotedµ. Figure 1 provides a graphical representation of the
timing of the trading process.

2.2. The Trading Rules

Minimum price variation. The set of possible quotes is discrete. The grid on
which dealers can post their prices is characterized by the size of the minimum
price variation,g(n)= g

2n+ 1, n ∈ N. Notice that the largern is the finer the grid is.
By varyingn, we are able to compare equilibria obtained with different grids. A
grid with a zero minimum price variation is obtained as a limiting case by takingn
to infinity. From now on, when we say that the tick size is decreased, it must be un-
derstood thatn is increased. On the grid with tick sizeg(n), we denote by〈p〉−n the
highest price which is strictly lower thanp. In a similar way, on the grid with size
g(n), 〈p〉+n is the lowest price which is greater than or equal top. The set of possible
prices with a grid of sizeg(n) isPn={. . . , p(−i ), . . . , p(0), . . . , p(i ), . . .}, with
p(i )=〈µ〉−n + ig(n) and p(−i )=〈µ〉−n − ig(n), i ∈ N.

We assume thatµ−〈µ〉−0 =〈µ〉+0 −µ= g(0)
2 ; that is, the position of the as-

set expected value is halfway between ticks for the grid with sizeg(0). We
also assume that the liquidity trader’s reservation price is on this grid; that is,
there existsk∈N such thatRB=〈µ〉−0 + kg(0), with k≥ 2 for the problem to be

3 In a previous version of the paper, we analyzed the case in which the order flow was price-dependent.
The results are qualitatively the same as those obtained in this simpler framework.

4 Notice that it means that the number of buy market order arrivals in a given interval of time follows
a Poisson process with rateλ. This is a standard representation of the order arrival process in the market
microstructure literature. This assumption is used, for instance, in Garman (1976) and in Easleyet al.
(1996). Easleyet al. (1996), and Gouri´erouxet al. (1997) provide estimate of the arrival rates.
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of interest. It is straightforward to check that these two assumptions and the defi-
nition of g(n) imply that the asset expected value is always halfway between ticks
for all the possible grids and that the liquidity trader’s reservation price belongs to
Pn, ∀n ∈ N. These assumptions do not affect the results qualitatively, but they sim-
plify the comparative statics between equilibria obtained with different grid sizes.

Priority rules. Price priority is enforced; that is, a buy market order is executed
against the best quote (price priority rule). If there is a tie at the best price, time
priority is used. The dealer who is the first to post the price at which the tie occurs
executes the market order.

Timing of order submission.An important feature of the model is that the
arrival date of the buy market order is random. This is a natural assumption when
dealers must post their quotes before observing the arrival of a market order. This
timing is the hallmark of quote-driven markets (see Bernhardt and Hughson (1996)
for a discussion) such as the NASDAQ, where dealers post quotes valid up to a
maximum quantity before being contacted by brokers. This is also the timing of
orders in continuous limit order markets (e.g., the Paris Bourse or the Stockholm
Stock Exchange).

Order display. We assume that at any point in time, only the best price in the
market is publicly displayed. This implies that a dealer who has strict priority of
execution does not observe the quote posted by the other dealer.5 As explained
below, in our model, this trading rule restricts the set of possible equilibria: it
prevents dealers from using bidding strategies that sustain very noncompetitive
outcomes.

2.3. A Benchmark: The Competitive Price

We call p(1) the competitive price. This is the first price on the grid above
dealers’ reservation price (which is the asset expected value in our setting). The
competitive price is such that it cannot be undercut profitably.

2.4. Pricing Strategies and Equilibrium Definition

In this subsection, we define the equilibrium concept which is used in this article.
This definition is not straightforward, because the game is dynamic and only the
best quote in the market is displayed.

2.4.1. Dealers’ Objective Functions

Let a j
t be the quote of dealerj at datet . The best offer in the market at datet

is denotedam
t ≡Min{a1

t ,a
2
t }. Because dealers alternate in quoting prices, we have

a j
t =aj

τ , ∀t ∈ [τ, τ + 2), if τ is the last date at which dealerj had the opportunity

5 This trading rule is used in some markets. For instance, the limit order books on the New York
Stock Exchange and the Tokyo Stock Exchange are closed: only the price and size of the best quotes
are displayed in these markets.
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to make an offer. By convention, indexτ is used for an offer posted in the market
after the reaction of the dealer revising his or her quote at dateτ .

Let5 j (ah
t ,q

j
t ,a

j
t ) be dealerj ’s expected profit, conditional on thearrival of a

buy market order at time t. Dealer j ’s expected profit upon execution depends on
the position of his or her quote (aj

t ) relative to his or her competitor’s quote (ah
t ),

and if there is a tie, on his or her priority status. This priority status is tracked by
the indicator variableq j

t , which takes the value 0 when dealerj does not have time
priority and which is equal to 1 otherwise. For allh, j ∈ {1, 2}, h 6= j , we get

5 j
(
ah

t ,q
j
t ,a

j
t

) =


0, if aj
t > ah

t ;

0, if a j
t = ah

t , andq j
t = 0;(

a j
t − µ

)
, if aj

t = ah
t , andq j

t = 1;(
a j

t − µ
)
, if aj

t < ah
t .

(1)

We callsτ−1≡{am
τ−1,qτ−1} thestate of the marketat dateτ . The state of the market

at dateτ is (i) the best quote in the market just before the quote revision at dateτ

and (ii) the priority status of the dealer who revises his or her quote at this date.6

For completeness, we sets−1={RB, 1}. The trading history at dateτ , Hτ − 1, is
the set of states of the market until this date. Formally,Hτ−1=

⋃k=τ−1
k=−1 sk.

A bidding strategy specifies the quote chosen by a dealer, each time the dealer
revises his or her offer. For given bidding strategies of the two dealers, letE(5 j (ah

T̃
,

q j
T̃
,aj

T̃
) | T̃ ≥ τ1, Hτ−1) be dealerj ’s expected profit at dateτ , conditional on the

trading history. We obtain

E
(
5 j
(
ah

T̃
,q j

T̃
,aj

T̃

) ∣∣ T̃ ≥ τ1, Hτ−1
)

=
+∞∑
k=τ

8(1−8)(k−τ )5 j
(
ah

k ,q
j
k ,a

j
k

) ∀h, j ∈ {1, 2}, h 6= j . (2)

This is dealerj ’s objective function at dateτ .

2.4.2. Dealers’ Bidding Strategies

Consider the dealer who is about to revise his or her offer at dateτ . Only the
best price in the market is displayed. Thus the dealer does not necessarily observe
the offer posted by his or her competitor. Letâ(Hτ−1) be the belief of this dealer
regarding the current offer of his or her competitor. We call{sτ−1, â(Hτ−1)} the
state of the trading processat dateτ . A bidding strategy is a mappingR(.) from
the set of possible states of the trading process into the set of possible offersPn.
The reaction functionR(.) gives the new price posted by a dealer when he or she
has the opportunity to revise his or her offer, given the state of the trading process.

6 This means that if dealerj revises his or her quote at dateτ thenqτ−1=q j
τ−1.
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Note that we focus our attention on Markov strategies, that is, bidding strategies
which are functions of the state of the trading process but not directly functions of
the trading history. Moreover, we only consider symmetric strategies: for a given
state of the market, dealers 1 and 2 revise their offers in the same way.

We are interested in the Markov equilibria of the trading game. The dealers’
bidding strategies form aMarkov equilibriumif (i) the strategies are Markov,
(ii) the dealers form their belief on their competitor’s offer as explained below,
and (iii) for each possible state of the trading process, the offer prescribed by his
or her bidding strategy maximizes a dealer’s expected profit, given the subsequent
actions of the dealer and his or her rival. Thus, a Markov equilibrium is a subgame
perfect equilibrium in which traders use Markov strategies.

2.4.3. Dealers’ Beliefs

ConsiderR(.), an equilibrium reaction function. Dealerj is about to revise his
or her offer at dateτ . Two situations are possible. Either dealerj ’s competitor is
posting the best price in the market or dealerj is posting this price. In the first situa-
tion, dealerj observes his or her competitor’s offer. Consequentlyâ(Hτ−1)=am

τ−1.
In the second situation, he or she does not observe the competitor’s offer. How-
ever, if Hτ−1 is on the equilibrium path, then dealerj ’s belief must be consistent
with the equilibrium reaction of his or her competitor at the previous date; i.e.,
â(Hτ−1)= R(sτ−2, â(Hτ−2)). The next lemma establishes that in this case,â(Hτ−1)
is just a function ofp, the current best price in the market.

LEMMA 1. Consider a dealer who is about to revise his or her offer at dateτ

and who has strict priority at the best quote p. In this case, if the trading history
Hτ−1 is on the equilibrium path then̂a(Hτ−1)= R(p, 0, p).

If Hτ−1 is out of the equilibrium path and dealerj does not observe his or her
competitor’s offer, then his or her belief can be chosen arbitrarily. We assume
that â(Hτ−1)=am

τ−1+ g(n) in this case. This choice is without consequence for
our results (see discussion on uniqueness in Section 3). Thus, a dealer’s belief
about his or her competitor’s offer depends only on the best price in the market.
This means that the reaction function can be written as a function of the state of
the market. This allows us to simplify our notation. From now on, letR(p, 0) be
the optimal reaction of a dealer when he or she observes the state of the market
sτ−1={p, 0}, and let R(p, 1) be the dealer’s optimal reaction when he or she
observes the statesτ−1={p, 1}. It is implicit that if {p, 1} is on the equilibrium
path, the dealer believesR(p, 0) to be his or her competitor’s quote (Lemma 1),
while if {p, 1} is not on the equilibrium path, the dealer believesp+ g(n) to be
his or her competitor’s quote.

2.4.4. Markov Equilibrium: A Formal Definition

Given a reaction functionR(.), let V(sτ−1) be a dealer’s expected profit given
that (i) the state of the market issτ−1; (ii) the dealer is about to react; and
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(iii) from date τ + 1 on, the two dealers will behave according to the reaction
functionR(.). We also defineW(sτ−1,aτ−1), a dealer’s expected profit at dateτ in
statesτ−1, provided that the dealer choseaτ−1 at the previous date and that his or
hercompetitoris about to react. Suppose that dealerj is about to revise his or her
offer at dateτ . V(.) can be expressed by the dynamic programming relationship

V(sτ−1)= max
aj∈Pn

85 j
(
âτ ,q

j
τ ,aj

)+ (1−8)W(sτ ,aj ), (3)

andW(., .) is

W(sτ ,aj ) = 85 j
(
R(sτ ),q

j
τ+1,aj

)+ (1−8)V(sτ+1), (4)

where the evolution of the state of the market between datesτ andτ + 1 is deter-
mined by dealerj ’s offer at dateτ and henceforth by the actions prescribed by the
reaction functions. A reaction functionR(.) is a Markov equilibrium iffR(sτ−1)
is the solution of Eq. (3) for each statesτ−1, given that dealers’ beliefs on their
competitor’s quote are specified as explained in Subsection 2.4.3.

Following Maskin and Tirole (1988), we call afocal price a price p on the
equilibrium path such thatR(p, 1)= p and R(p, 0)= p. If there exists a focal
price, once it is reached, the dealers keep posting this price until the arrival of the
market order. Finally, we denote byV(1, g(n)) a dealer’s expected trading profit
at the beginning of the trading process. When each dealer has an equal probability
of being the first dealer to post an offer at date 0, we obtain

V(1, g(n)) = 1

2
V({RB, 1})+ 1

2
V(s∗0), (5)

wheres∗0 is the state of the market that is observed, in equilibrium, by the dealer
who posts an offer at time 1.

3. QUOTE DYNAMICS AND TRADING COSTS IN EQUILIBRIUM

In this section, we derive the equilibrium bidding strategy. Then we analyze the
determinants of the evolution of the best quote and the expected trading cost for
the liquidity demander.

3.1. Bidding Strategies in Equilibrium

Consider a date in which dealerj revises his or her offer. The best price in the
market is strictly abovep(1). Also assume that dealerj does not have execution
priority at this price. Dealerj can choose to improve the best price by one or several
ticks, thereby capturing price and time priority. Other possibilities for dealerj are
to match the best price or to post a higher price than the best price. In these two



QUOTE DYNAMICS 151

cases, he or she surrenders price and time priority for the next period. The next
proposition establishes that improving upon the current quote is always optimal
for dealer j .

PROPOSITION1. Consider an equilibrium reaction function R(.). For all values
of the parameters, this reaction function has the following properties:

• (P1) R(p, 0)< p if p≥ p(2); and
• (P2) R(p(1), 1)= p(1), and R(p(1), 0)= p(1).

Proposition 1 is important for two reasons. First, (P1) states that in equilibrium,
the best quote must decrease as long as it is greater than the competitive price. This
is theunique possible evolutionfor the best quote. Second, (P2) claims that, with
time priority, theunique focal priceis the competitive price. These results imply
that, for each grid, there necessarily exists a pricep ∈ (p(1), RB], such that when
the best quote reachesp, the dealer without execution priority finds it optimal to
postp(1) and to hold on to this offer until the arrival of the market order. The next
proposition characterizes the price at which the “jump” to the competitive price
occurs. It also provides dealers’ bidding strategy in equilibrium. We denote the
greatest integer strictly lower thanx by bbxcc.

PROPOSITION2 (Equilibrium Bidding Strategy). The following reaction func-
tion, with p∗ = 〈µ+ g

28 〉+n = p(1)+bb (8+ 1)
28 ccg(n), is a Markov equilibrium when

time priority is enforced.

1. R(p, 0)= p− g(n), if p∗ + g(n) ≤ p ≤ RB.
2. R(p, 0)= p(1), if p(1)≤ p≤ p∗.
3. R(p, 1)= p, if p∗ ≤ p≤ RB.

4. R(p, 1)= p(1), if p(1)≤ p≤ p∗ − g(n).

The intuition for Proposition 2 is as follows. Consider a dealer who is about to
revise his or her offer. The best price in the market isp+ g(n). Suppose that the
dealer conjectures that if he or she does not quotep(1) in this round, his or her
competitor will post the competitive price in the next round. The dealer faces the
following trade-off. If the dealer quotes the competitive price, he or she secures
execution and obtains with certainty a profit equal top(1)−µ= g(n)/2. If the
dealer undercuts by only one tick, he or she obtains a larger profit, (p−µ), in case
of execution. But the dealer runs the risk of being undercut by his or her competitor.
The probability that a market order arrives, before his or her competitor reacts, is
8. Thus the dealer’s expected profit is8(p−µ), if he or she undercuts by only
one tick. It follows that the dealer must undercut by only one tick if

8(p− µ) ≥ g(n)

2
. (6)

The left-hand side of this inequality increases withp. The smallest price on the
grid such that the inequality is satisfied isp∗ (as defined in Proposition 2). This
explains why, ifp≥ p∗ + g(n), no dealer finds it optimal to undercut the best price
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in the market by more than one tick. This also implies that the price at which the
jump to the competitive price occurs cannot be lower thanp∗.

NUMERICAL EXAMPLE. Assumeg= 1,µ= 99.5, RB= 103. Furthermore, we
choose the unit of time to be equal to the expected waiting time between market
order arrivals so thatλ= 1. Finally, let us assume that dealer 1 makes the first offer.
We will use this parameterization in all the numerical examples. If the grid size
is g(0)= 1 and1= 0.5 (i.e., the reaction time is half the expected waiting time
between market orders arrivals), thenp∗ = 101. Dealer 1 first offers a price equal
to 103. His or her competitor reacts with a price equal to 102. Then dealer 1 revises
his or her initial offer, asking 101. Eventually dealer 2 posts the competitive price
equal to 100. The jump to the competitive price takes place at dateτ = 3, which
means that 1.5 units of time are necessary to reach the competitive level. If, for
instance, the market order arrives in between dates 1 and 2, the price paid by the
liquidity trader is 102. This shows how, at equilibrium, noncompetitive transaction
prices can be obtained when dealers bid sequentially.

Uniqueness. The proof of Proposition 1 does not rely on the specification of
dealers’ beliefs out of the equilibrium path. Furthermore, the pricep∗ at which
the jump to the competitive price occurs is unique and independent from dealers’
beliefs out of the equilibrium path. Thus, in equilibrium and for given values of
the parameters, there is a unique possible path for the best ask price. It might
look surprising that there are no equilibria in which the best price in the market
is raised. Actually, consider the following potential objection: “Assume that the
best price has reached the competitive level and that dealer 1 does not have time
priority. Dealer 1 can raise his or her quote at, say,p′> p(2). Upon observing this
offer, dealer 2 reacts by postingp′ − g(n). Both dealers have an incentive to act
in this way since competition restarts from a high price level. Thus there should
be equilibria in which dealers find it optimal to raise their offers.” This argument
does not hold for the following reason. It relies on the possibility for dealer 2 to
observethe level at which dealer 1 has raised his or her price. When this is not the
case, dealer 1 has an incentive to deviate and to postp′ − g(n) in the first place.
This deviation is always optimal since (i) it cannot alter dealer 2’s bidding strategy
(dealer 2 does not observe the deviation) and (ii) it allows dealer 1 to capture
time priority when dealer 2 raises his or her price atp′ − g(n). The deviation
precludes equilibria in which dealers raise their offers. Since we have assumed that
only the best price in the market is displayed, these equilibria do not exist in our
model.7

7 In contrast, in the model of dynamic price competition analyzed by Maskin and Tirole (1988),
there are equilibria in which firms raise their prices when the market price reaches a sufficiently low
level. These equilibria are called “Edgeworth cycles” by Maskin and Tirole. As we just explained, we
do not obtain these cycles because, in contrast with Maskin and Tirole (1988), we assume that agents
only observe the best price posted in the market.
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3.2. Dynamics of the Best Quote

Proposition 1 establishes that the best quote in the market converges to the
competitive price. This convergence may take time, however. Consider again
Proposition 2. The number of offers and counteroffers that are needed to reach
the competitive level depends on the position ofp∗ relative toRB. If p∗ ≤ RB, the
dealers undercut each other by only one tick as long as the best price in the market
is larger thanp∗. Thus, the dateτ ∗ at which the best price becomesp∗ is such that
RB− τ ∗g(n)= p∗. It follows that

τ ∗ = RB − p∗

g(n)
. (7)

The jump to the competitive price occurs at dateτ ∗ + 1. Alternatively if p∗> RB,
the dealer who makes the first offer posts the competitive price and convergence
is immediate. This results in the following observations. When the spread is large,
small quote improvements are observed in succession. When the spread is small, a
large quote improvement is observed and no subsequent improvement takes place.
This qualitative description of the evolution of the best price, given the size of the
inside spread, is consistent with the empirical findings in Biaiset al. (1995).

Let T∗(1, g(n)) be the time it takes for the best ask price to hit the competitive
level. We refer toT∗ as thehitting time,

T∗(1, g(n)) = Max{τ ∗ + 1, 0}1, (8)

which gives

T∗(1, g(n)) = Max

{
RB − µ

g(n)
+ 1

2
−
⌊⌊
8+ 1

28

⌋⌋
, 0

}
1. (9)

We study below the impact of the tick size and the reaction time on the hitting
time. As shown in Section 3.3, this proves to be important for understanding the
impact of these variables on the trading cost.

Since8 increases with the reaction time, it is straightforward that the hitting time
also (weakly) increases with the reaction time. Let1̄(g(n)) be the largest value
of the reaction time such thatT∗ = 0. 1̄(g(n)) is the solution of the following
equation:

RB − µ
g(n)

+ 1

2
−
⌊⌊
8(1̄)+ 1

28(1̄)

⌋⌋
= 0. (10)

It follows that 1̄(g(n))=− 1
λ

ln(1− g(n)
2 (RB−µ)−1). For all the pairs (g(n),1)

such that1 ≤ 1̄(g(n)), the hitting time is equal to zero; that is, the first dealer who
makes an offer posts the competitive price. For all the pairs (g(n),1) such that
1>1̄(g(n)), the hitting time is strictly positive. Figure 2 represents graphically the
sets of values for the tick size and the reaction time such that the hitting time is zero
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FIG. 2. Tick size, reaction time, and speed of convergence. This figure indicates for each pair
(1, g(n)) whether convergence to the competitive price is immediate or whether it takes time.

or strictly positive. Note that, for a given reaction time, a decrease in the tick size
ultimately results in a strictly positive hitting time. Furthermore,1̄(0)= 0, which
means that when the tick size is zero, the hitting time is always strictly positive. It is
straightforward to show that the hitting time (weakly) decreases with the tick size
and that limg(n)→0T∗(1, g(n))=+∞, ∀1>0. The next corollary summarizes
these results. The discussion, which follows, provides the economic intuition.

COROLLARY 1 (Hitting Time). In equilibrium,

1. The dealer who makes the first offer at dateτ = 0 posts the competitive price
if and only if the reaction time1≤ 1̄(g(n)) ∀g(n)≥ 0.

2. The hitting time(weakly) increases with dealers’ reaction time.
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3. The hitting time(weakly) decreases with the tick size.
4. limg(n)→0 T∗(1, g(n))=+∞, ∀1>0.

A decrease in dealers’ reaction time increases the chance that an offer above the
competitive level will be undercut before the arrival of a market order. Thus, smaller
reaction times induce dealers to more rapidly post the competitive price. To illus-
trate this point, consider the numerical example of the previous subsection. Dealer 1
is about to revise his or her offer and the best price is 102. Dealer 2 has priority of
execution at this price. Dealer 1 must choose between posting a price equal to 101
or posting the competitive price equal to 100. If he or she posts a price equal to 100,
dealer 1 secures a profit equal top(1)−µ= g(0)

2 = 0.5. If he or she posts a price
equal to 101, dealer 1 realizes a profit equal to 101− 99.5= 1.5, in case of execu-
tion. Execution is uncertain, however, since dealer 1 might be undercut by dealer 2.
The optimal bidding strategy depends on dealers’ reaction time. For instance, if
1= 0.5, there is a probability8(0.5)= 0.39 that the market order will arrive before
the reaction of dealer 2. Thus, if he or she posts a price equal to 101, dealer 1 obtains
an expected profit equal to 0.39(101−99.5)= 0.585> 0.5. Dealer 1 chooses an of-
fer equal to 101 in this case. If1= 0.3, the probability that the market order arrives
before the reaction of dealer 2 is smaller (8(0.3)= 0.25). It follows that dealer
1’s expected profit with an offer at 101 becomes 0.25(101− 99.5)= 0.375< 0.5.
Dealer 1 is now better off posting the competitive price. Consequently, the jump to
the competitive price takes place earlier when1= 0.3 than when1= 0.5. Accord-
ingly, the hitting time is lower when1= 0.3 than when1= 0.5. Computations
show thatp∗ = 102 when1= 0.3. This means thatτ ∗ = 1 in this case instead of
τ ∗ = 2 when1= 0.5. Thus,T∗(0.3, 1)= 0.6, whereasT∗(0.5, 1)= 1.5.

A decrease in the tick size translates into a lower profit at the competitive price
and reduces the attractiveness of this offer. Thus, dealers are less tempted to quickly
post the competitive price in order to lock in a sure profit, equal here to half the
tick size. Consider again the numerical example that we discussed in the previous
paragraph. Assume that1= 0.3 and that the tick size is nowg(1)= 1/3. The best
price in the market is 101+ 1

3. If dealer 1 undercuts by only one tick, he or she
obtains an expected profitat leastequal to 0.25(101− 99.5)= 0.375. If dealer 1
posts the competitive price, he or she obtains a profit equal tog(1)

2 = 1/6< 0.375.
Dealer 1 is better off posting a price equal to 101 rather than the competitive price.
Consequently,p∗ is lower than or equal to 101. This is in contrast with the case in
which1= 0.3andthe tick size isg(0)= 1, for whichp∗ = 102. For this reason, the
hitting time is larger when the tick size isg(1)= 1/3 than when it isg(0)= 1. Com-
putations yieldp∗ = 100+ 1

3 andτ ∗ = 8, which givesT∗(0.3, 1/3)= 9∗ 0.3= 2.7.
Note that a decrease in the tick size enlarges the number of possible offers on

the grid.8 Accordingly, for a givenp∗, such a decrease results in a larger number of
offers posted by the two dealers before the “jump” to the competitive price. This
effect also contributes to the increase in the hitting time when the grid becomes

8 For instance, there are 4 feasible prices in the interval (99.5, 103] when the grid size isg(0)= 1,
versus 10 feasible prices when the grid size isg(1)= 1/3.
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finer. When the tick size goes to zero, the profit obtained by posting the competitive
price becomes smaller and smaller. It follows that the price at which the jump to
the competitive price takes place becomes closer or even equal to the competitive
price as the tick size goes to zero. At the same time, the number of feasible offers
for the dealers becomes larger and larger. The combination of these two effects
implies that the time it takes for the best price to reach the competitive price
becomes infinite when the tick size goes to zero.

3.3. Trading Cost

Let T̃C(1, g(n)) be the trading cost paid by the liquidity buyer. The trading cost
is equal to the difference between the price paid by the liquidity buyer and the
expected value of the asset. From Proposition 2, we obtain

T̃C(1, g(n)) =
{

RB − τg(n)− µ, if T̃ ∈ [τ, τ + 1) andT̃ < τ ∗ + 1;

p(1)− µ, if T̃ ≥ τ ∗ + 1.
(11)

Since the trading game is a zero-sum game, the expected trading cost is equal to
the sum of the expected profit for the dealers; that is,

E(T̃C(1, g(n))) = 2V(1, g(n)). (12)

COROLLARY 2. The expected trading cost increases with dealers’ reaction
time.

As explained in the previous subsection, the time it takes for the best ask price to
reach the competitive level increases with dealers’ reaction time. For this reason,
the probability of execution, for the buy market order, at a price greater than the
competitive price increases when dealers’ reaction time becomes larger. It follows
that the expected trading cost for the liquidity buyer increases with dealers’ reaction
time. This suggests that the timing of offers is a potential determinant of the trading
costs. Corollary 2 predicts that, in cross-sectional analysis, controlling for the tick
size and the rate of market orders arrivals, the average trading cost should be
positively related to the average reaction time. This prediction could be tested using
the average number of quote changes as a proxy for the average reaction time.

COROLLARY 3. For all strictly positive values of the reaction time:

• The relationship between the expected trading cost and the tick size is non-
monotonic.
• The tick size which minimizes the expected trading cost is always strictly

greater than zero.
• E(T̃C(1, 0))≡ limg(n)→0 E(T̃C(1, g(n)))= RB−µ.

Figure 3 illustrates this result, using the parameterization of the numerical ex-
ample, for three different values of the reaction time. As can be seen in this figure,
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FIG. 3. Expected trading costs and tick size. This figure presents the evolution of the expected
trading cost when the tick size varies fromg(0)= 1 to g(6)= 1/13, for different values of the reaction
time (shown on the figure). The values of the other parameters areµ= 99.5, λ= 1 andRB = 103.

the tick size which minimizes the expected trading cost isg(0)= 1 when1= 0.14,
g(1)= 1/3 when1= 0.05, andg(3)= 1/7 when1= 0.02.

The intuition is as follows. Consider a decrease in the tick size fromg(n) to
g(n+ 1). On the one hand, it reduces the wedge between the asset expected value
and the competitive price. This diminishes the expected trading cost. But, on the
other hand, the decrease in the tick size reduces dealers’ incentive to quickly post
the competitive price. As a consequence, the time during which the best ask price
is greater than the competitive price lengthens (see previous subsection). It follows
that the market order has a larger probability of being executed at a price above the
competitive price. This effect enlarges the expected trading cost. The net impact of
these two effects depends on the initial level of the tick size. For a sufficiently large
initial tick size, the first effect dominates and a decrease in the tick size reduces
the expected trading cost. When the tick size becomes small, the second effect
dominates. In all the cases, the tick size which minimizes the expected trading cost
is strictly positive. Actually, when the tick size goes to zero, the time that it takes
for the best price to reach the competitive price becomes infinite (see Corollary 1).

Note that (RB−µ) is the maximum possible value for the expected trading cost,
sinceRB is the liquidity buyer’s reservation price. The last part of Corollary 3 states
that the expected trading cost is maximum when the tick size is zero,if the reac-
tion time isstrictly positive. This result is used in the following section.

To sum up, the results of this section show thatnoncompetitive spreads can be
posted even though the dealers do not cooperate to set prices. This occurs because
(i) it takes some time for a dealer to react to a new offer posted by his or her
competitor, and (ii) the arrival date of the market order is uncertain. The tick size
and the frequency with which dealers revise their offers determine the speed with
which dealers’ quotes reach the competitive price and the trading cost.
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4. ENDOGENOUS REACTION TIME

In this section, we endogenize dealers’ reaction time in the bidding game con-
sidered in this article.

4.1. Endogenous Reaction Time with Monitoring Costs

In practice, checking the position of his or her offer relative to competitors’ offers
is costly for a dealer because it takes time. This monitoring cost increases with
the frequency with which the dealer checks his or her quote. In our framework, it
means that dealers incur a monitoring cost which decreases with the reaction time.
Intuitively, this cost induces the dealers to choose a strictly positive reaction time.
Although this idea is simple, it is a difficult task to endogenize the reaction time. We
propose a simple extension of the model, which aims at showing that monitoring
costs can explain positive reaction times, particularly when the tick size is small.

We suppose that a dealer who chooses a reaction time1 bears a monitoring
costC(1)= cF(1). We make the following assumptions on the monitoring cost
function: (i) ∂C

∂1
< 0, (ii) C(0)> 0, and (iii) lim1→+∞C(1)= 0. Note that the larger

is c, the larger is the monitoring cost, other things being equal. This enables us to
analyze the effect of a change in the level of the monitoring cost. We refer toc as
themonitoring cost level.

C(.) is a reduced form, which formalizes in a simple way the idea that the more
frequent are the quote revisions, the higher must be the monitoring cost borne by a
dealer. As a justification for our assumptions regardingC(.), consider the following
example. The dealers incur a costc(Ñ)= cÑ if they reviseÑ times their offers
during the trading process. In this case, it is possible to show that they expect to
bear a monitoring costCex(1), given by

Cex(1) = cE(Ñ) = c

eλ1 − 1
. (13)

Note thatCex(., .) satisfies all our assumptions. For the numerical example, we use
Cex(.) as the monitoring cost function.9

We suppose that the dealers must choose their reaction time before the beginning
of the trading process and that it cannot be changed thereafter. When both dealers
choose a reaction time1, theirnetexpected trading profit, in equilibrium, is

6(1, g(n)) ≡ V(1, g(n))− C(1). (14)

Recall thatV(1, g(n)) increases and thatC(1) decreases with dealers’ reaction
time. Consequently, dealers’ net expected trading profit increases with dealers’
reaction time.

9 Note that if the dealers must pay a fixed costc each time they submit a new offer, their expected
cost at the beginning of the trading game is also given byCex(.).
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We focus on the reaction time that minimizes the expected trading cost (i.e.,
V(1, g(n))), making sure that both dealers have an incentive to take part in the
trading process (i.e.,6(1, g(n))≥ 0). Let1∗(g(n), c) be this reaction time. It is
the Nash equilibrium of the following game. The market designer proposes to the
dealers a reaction time with a view to minimizing the expected trading cost. The
dealers simultaneously decide to accept (enter the market) or reject (do not enter
the market) this proposal. If they are indifferent, they accept. It is obvious that
the market designer must propose1∗(g(n), c). Another approach would be to as-
sume that the dealers simultaneously choose their reaction time. Unfortunately,
we have not been able to characterize, in a tractable way, the Nash equilibrium of
this game. It is very unlikely, however, that, qualitatively, the results would differ
from those we obtain here.

We now study the properties of1∗. Recall that if1≤ 1̄(g(n)), convergence
to the competitive price is immediate. Sincē1(g(n))> 0, ∀g(n)> 0, it follows
thatV(0, g(n))≡ lim1→0V(1, g(n))= g(n)/4. Consequently, ifC(0)≤ g(n)

4 , then
1∗(g(n), c)= 0. If this is not the case, the reaction time must be chosen such that
the dealers just break even. This means that1∗ is the solution of

6(1∗, g(n)) = 0. (15)

If this equation does not admit a solution (which can occur becauseV(., g(n)) is
discontinuous), then1∗ satisfies

6(1∗, g(n)) < 0, and 6(1∗ + ε, g(n)) > 0, ∀ε > 0. (16)

In this case, the market designer must propose1∗ + ε with ε strictly positive but
very small. From now on we refer to1∗ as thezero expected profit reaction time.
We obtain the following result.

PROPOSITION3. If the monitoring cost C(0)> g(n)
4 , for a given tick size, the

zero expected profit reaction time is strictly positive.

This establishes that if the tick size is small relative to the level of the monitoring
cost, then the reaction time such that the dealers break even is strictly positive.
The intuition is simple. When the reaction time decreases, dealers bear a larger
monitoring cost. At the same time, dealers expect lower trading profits. For all
reaction times lower than̄1(g(n)), the expected trading profit is equal tog(n)

4 .
Thus, ifC(0)> g(n)

4 , the reaction time such that the dealers break even is necessarily
strictly positive. Figure 4 provides an illustration of the determination of the zero
expected profit reaction time, in the context of the numerical example. This reaction
time is such that the curves representing the functionsV(., .) andCex(.) intersect.
In this case, it can be seen that1∗ ' 0.18. The following proposition describes
the effect of a change in the level of monitoring cost (c) both on the zero expected
profit reaction time and on the expected trading cost.
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PROPOSITION4. For a given tick size, both(a) the zero expected trading profit
reaction time and(b) the expected trading cost(weakly) increase with the level of
the monitoring cost.

This result is intuitive. Whenc increases, the expected monitoring cost is larger,
other things being equal (the curve representingC(.) shifts upward in Fig. 4). This
entails that dealers choose a larger reaction time (monitor the market less inten-
sively). It follows that the hitting time is larger when the level of the monitoring cost
increases. This results in a larger expected trading cost. Thus, trading costs for liq-
uidity demanders and monitoring costs for liquidity suppliers are positively related.
Note that Proposition 4 confirms the prediction associated with Corollary 2: the fre-
quency of quote changes and the average trading cost should be negatively related.

4.2. Optimal Tick Size

We define the optimal tick size as the tick size which minimizes the expected
trading cost. If the monitoring cost is strictly positive, the optimal tick size is al-
ways strictly greater than zero. Indeed, Proposition 3 shows that the reaction time
for which the dealers break even isstrictly positivewhen the tick size becomes suf-
ficiently small relative to the level of the monitoring cost. It follows from the third
part of Corollary 3 thatE(T̃C(1∗(0), 0))≡ limg(n)→0 E(T̃C(1∗(g(n)), g(n)))=
RB−µ. For a strictly positive tick size, convergence to the competitive level
occurs in finite time. Thus,E(T̃C(1∗(g(n)), g(n)))< RB−µ, ∀g(n)> 0. Conse-
quently, the optimal tick size is bounded away from zero. In fact, the optimal tick
size depends on the monitoring cost level, as established in the next proposition.

PROPOSITION5 (Optimal Tick Size and Monitoring Cost).

• In the presence of a monitoring cost(C(0)> 0), the tick size which minimizes
the expected trading cost is always strictly greater than zero.
• Furthermore, the optimal tick size decreases when the monitoring cost level

(c) decreases and converges to zero when the monitoring cost level goes to zero.

We have already provided the explanation for the first part of this proposition.
The intuition for the second part is the following. For a given tick size, when the
level of the monitoring cost is large, dealers’ reaction time is large as well. Now,
the larger the reaction time, the larger the hitting time. Large trading costs ensue.
A large tick size helps in this situation because it makes the competitive price an
attractive option for the dealers. This shortens the time it takes for the best price
to hit the competitive level. On the contrary, when the level of monitoring cost
is small, dealers’ reaction time is small. In this case, the fear of being quickly
undercut induces the dealers to rapidly post the competitive price. A small tick
size becomes optimal since it reduces the wedge between the competitive price
and dealers’ reservation price. In the limit, when the monitoring cost vanishes, the
reaction time for which dealers break even goes to zero. A positive tick size is not
necessary any more to speed up convergence to the competitive price. The optimal
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FIG. 5. Optimal tick size and monitoring cost level. This figure presents the evolution of the
expected trading costs when the tick size varies fromg(0)= 1 to g(6)= 1/13, for different values of
the monitoring cost (shown on the figure). The values of the other parameters areµ= 99.5, λ= 1, and
RB = 103.

tick size is zero since it eliminates the wedge between the competitive price and
dealers’ reservation values.

Figure 5 illustrates the result, using the parameterization of the numerical exam-
ple, for three different values of the monitoring cost level. As can be seen in this fig-
ure, whenc= 0.1, the expected trading cost is minimum when the tick size is equal
to g(0)= 1. Whenc= 0.01, the optimal tick size is lower and equal tog(1)= 1/3.
Finally whenc= 0.001, a tick size equal tog(3)= 1/7 becomes optimal.

It is worth stressing that, for a given monitoring cost, the relationship between
dealers’ reaction time and the tick size is nonmonotonic. To illustrate this point,
let g∗(c) be the optimal tick size for a monitoring cost levelc. By definition of the
optimal tick size, a small increase in the tick sizeg, for g< g∗(c), translates into a
decrease in dealers’ expected trading profits, for a given reaction time. Accordingly,
the reaction time for which dealers break even increases with the tick size for
g< g∗(c). An increase in the tick size forg> g∗(c) has the opposite effect on
dealers’ expected trading profits, for a given reaction time. Thus, dealers’ reaction
time must decrease with the tick size forg> g∗(c). This results in an inverted
U-shaped relationship between dealers’ reaction time and the tick size, with the
reaction time being maximum when the tick size is at its optimal level,g∗(c).

Recently, the minimum price increments have decreased in various markets.
For instance, Canadian exchanges implemented decimal pricing in 1996. The tick
size for stocks traded under $5 and $10 on the AMEX has been decreased from
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$1/8 to $1/16 (respectively in 1992 and 1995). In 1997, the NASDAQ decided
to switch to quotations in 16ths. Several empirical studies10 have shown that the
decrease in the tick size in these exchanges has been followed by lower trading
costs, on average. Figure 5 shows that this effect can be obtained in our model
when the level of the monitoring cost decreases. For instance, if the level of the
monitoring cost falls fromc= 0.1 to c= 0.001, a decrease in the tick size from
g(0)= 1 to, say,g(2)= 1/5 decreases the expected trading cost. Thus, our model
suggests that the concomitant reduction of the tick size and the trading cost, in
many exchanges, might be due to a widespread decline in the monitoring costs for
liquidity providers.11 If this interpretation is correct, the reasoning of the previous
paragraph suggests that the decrease in the tick size should have triggered an
increase in liquidity providers’ reaction time. This prediction could be checked in
future empirical work.

5. THE ROLE OF TIME PRIORITY

In this section, we consider the case in which time priority is not enforced.
Instead, when there is a tie at the best price, we assume that dealers share the
order equally. The evolution of the best quote in this case is qualitatively similar to
the evolution obtained when time priority is enforced. Namely, the best ask price
in the market converges to a focal price.12 As a consequence, the results obtained
in the previous sections concerning the roles of dealers’ reaction time, the tick
size, and dealers’ monitoring cost still hold when time priority is not enforced.
The main difference is that, when time priority is not enforced, the focal price can
be larger than the competitive price. For instance, the next proposition establishes
that p(4) can be a focal price.

PROPOSITION6. If time priority is not enforced and RB≥ p(4), for8 ∈ [ 2
5,

2
3],

there exists an equilibrium in which p(4) is a focal price.

The intuition is as follows. Consider an equilibrium in whichp(4) is the focal
price. Forp(4) to be focal, it must be the case that no dealer finds it optimal to
improve upon this offer. There is a strong temptation for the dealers to undercut
p(4), however. For instance suppose that dealer 1 is about to revise his or her offer
and thatp(4) is the best price in the market. What is dealer 1’s expected profit if he or
she undercutsp(4)? If the liquidity trader submits his or her order before dealer 2’s
reaction, then dealer 1’s trading profit isp(3)−µ= 5g(n)/2. This is larger than
dealer 1’s profit if he or she does not undercut, which is1

2(p(4)−µ)= 7g(n)/4.
The order might arrive after dealer 2’s reaction, however. If dealer 2 holds on
his or her offer atp(4) then dealer 1 is clearly better off undercutting andp(4)

10 For instance, Ahnet al. (1996) or Bacidore (1997). See Harris (1997) for a review.
11 This decline could be the result of the increasing automation of the trading process.
12 The proof of this result is similar to the proof of Proposition 1. It is skipped for brevity.



164 CORDELLA AND FOUCAULT

cannot be focal. Thus, dealer 2 must either match or improve upon dealer 1’s offer.
Accordingly, suppose dealer 2 reacts by postingp(2) if dealer 1 undercuts the focal
price. Then, as described in the proof of Proposition 6, the best price will stay at
p(2) until the market order arrives. At this price, each dealer has an expected profit
equal to3g(n)

4 . Consequently, dealer 1’s expected profit, if he or she undercuts the
focal price, is8( 5g(n)

2 )+ (1−8)2( 3g(n)
4 ). It follows that dealer 1 does not undercut

p(4) iff

8

(
5g(n)

2

)
+ (1−8)2

(
3g(n)

4

)
≤ 7g(n)

4
. (17)

This condition is satisfied if8 is sufficiently small (lower than23). Dealer 1 is
deterred from undercuttingp(4) because he or she anticipates that such an action
would trigger a price war (dealer 2 would react by undercutting) which would
ultimately depress dealers’ expected profits.

Other equilibria with focal prices (e.g.,p(8)) way above the competitive price
can be constructed. As these equilibria are built in the same manner as the equi-
librium in which p(4) is focal, we do not describe them.

Pricing strategies sustaining noncompetitive prices are often a feature of dy-
namic models of price competition. The interesting point here is that time priority
weakens the ability of dealers to sustain noncompetitive prices. From a market
design point of view, this is a nice property of time priority. To see this point,
consider again the case analyzed in the previous paragraph, but assume that time
priority is enforced. Dealer 1 does not hold priority atp(4). In this case, dealer
1 must undercut whatever dealer 2’s reaction. Actually, dealer 1 obtains no profit
if he or she matches dealer 2’s offer atp(4). Consequently, the fear that dealer 2
might engage in a price war if he or she undercuts is not a concern for dealer 1. In
this way, time priority is very conducive to undercutting.

6. A LARGE NUMBER OF DEALERS

We have assumed until now that only two dealers are posting prices. One possible
concern is that the results derived in the previous sections heavily depend on this
assumption. The purpose of this section is to briefly address this issue.

The driving force of our analysis is that the best price in the market does not
immediately reach the competitive price if dealers’ reaction time is strictly positive.
We argue first that this result holds even if more than two liquidity suppliers
compete for the order flow.

To make this point, let us consider a polar case in which the number of dealers is
so large that each dealer has the opportunity to make only one offer. The interval of
time between each dealer’s offer is1. Notice that the possibility to make a single
offer encourages dealers to post a price at which they capture time priority until
the end of the bidding process. Thus, a priori, our assumption biases the model
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toward faster convergence than in the baseline model. Consider a dealer who is
about to revise his or her offer at dateτ and who observes that the best price is
p+ g(n)> p(1). The possibilities for this dealer are either to postp(1) or to post
p. This dealer undercuts the best quote by only one tick iff

8(1)(p− µ) ≥ (p(1)− µ). (18)

This inequality is satisfied as long asp≥ p∗, where p∗ has been defined in
Proposition 2 (Eq. (18) is identical with Eq. (6)). This implies that the best price
is improved by only one tick as long as it is strictly greater thanp∗. Then a jump
to the competitive price is observed. Thus, for a given reaction time, the evolu-
tion of the best price is exactly the same as the one obtained when two dealers
move in turn repeatedly. It follows that the results of Sections 3.2 and 3.3 still
apply.

Of course the reaction time itself is likely to be related to the number of dealers.
Analysis of this relationship is beyond the scope of this paper, however. Intuitively
we can expect the average interval of time between quote changes to decrease
when the number of dealers increases, other things being equal. In practice, the
number of dealers is strongly positively correlated with firm size (see, for instance,
Wahal, 1997). This suggests that small and large stocks should have different
quote dynamics.13 For instance, for a given tick size, the speed of adjustment to
the competitive quote must be larger for large firms. For these firms, the logic
behind Proposition 5 suggests that a large tick size, as an instrument to speed
up convergence to the competitive price, should be less useful. Consequently the
optimal tick size must be lower for stocks that are followed by a large number of
dealers. It follows that the impact of a decrease in the tick size on the expected
trading cost should be greater for large firms than for small firms.14

7. CONCLUSIONS

In this paper, we consider a model in which dealers revise and post their offers
sequentially. In this setting, when dealers are uncertain about the arrival dates for
market orders, we show that it can take time for the best quote in the market to
reach the competitive level. We find that the speed of convergence of the best
quote to the competitive level increases with the frequency with which dealers
check their offers. It follows that trading costs are related to the timing of offers.
We endogenize the frequency with which dealers check their offers, assuming that
monitoring the market is costly. Even for very small levels of the monitoring cost,
we find that an increase in the tick size reduces the time it takes for the best quote

13 We thank the Editor for drawing our attention to this point.
14 Chunget al. (1997) analyze the impact of the decrease in the tick size on the Toronto Stock

Exchange in April 1996. Consistent with our prediction, they find that the average decrease in quoted
spreads has been greater for large capitalization stocks than for small capitalization stocks.
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to reach the competitive level. Accordingly, a mandatory minimum price variation
is a way to minimize the trading cost. We also show that the optimal tick size
depends on the level of the monitoring cost.

Our model provides a framework for interpreting quote changes in between
transactions. A direct testable implication of the model is that dealers should
revise their offers, in between transactions, even in the absence of inventory or
informational effects. The model also shows that the speed at which dealers react
to a new offer (the intensity with which they monitor the market) influences the
evolution of the best offer in the market in between transactions. We find that this
creates a negative correlation between the frequency of quote changes and the
trading costs. All these results could be considered in future empirical work. In
our framework, no public information arrives during a trading round. Thus, the
dealers do not face the risk of being picked off. Further research could consider
the impact of this risk on dealers’ monitoring decisions.

APPENDIX

Proof of Lemma 1

Consider a dealer who is about to revise his or her quote at dateτ , say dealer 1.
The trading historyHτ−1 is on the equilibrium path and dealer 1 has strict priority
at the best pricep; that is, the state of the market is{p, 1}. It is necessarily the
case that dealer 1 has chosen pricep at timeτ − 2. Two cases can occur.

Case 1. Dealer 1 has obtained priority of execution at timeτ − 2 and has not
been undercut at timeτ − 1 by his or her competitor. In equilibrium, dealer 1’s
competitor has postedR(p, 0, p) at timeτ − 1. Therefore, dealer 1’s belief must
be R(p, 0, p).

Case 2. Dealer 1 hasnot obtained priority of execution at timeτ − 2. Let p′

be dealer 2’s price just before dealer 2 revises his or her quote at timeτ − 1. It is
the case thatp′ ≤ p. SinceHτ−1 is on the equilibrium path, thenHτ−2 is on the
equilibrium path as well. Thus, upon observing{p′, 1} at dateτ − 1, dealer 2 must
infer correctly that dealer 1 has postedpat timeτ − 2. If p′< p, dealer 2 must react
with R(p′, 1, p)= R(p, 0, p). Actually, dealer 2 faces exactly the same problem
in state (p, 0, p) and in state (p′, 1, p). If p′ = p then dealer 2 must react with
R(p, 1, p)= p or R(p′, 1, p)= R(p, 0, p). Actually, dealer 2 in state (p, 1, p) can
choose to keep priority at pricep but otherwise he or she faces exactly the same
problem as in state (p, 0, p). But if p′ = p andR(p, 1, p)= p, then dealer 1 cannot
have priority of execution at pricep at timeτ . Thus,R(p′, 1, p)= R(p, 0, p) and
dealer 1’s belief must beR(p, 0, p). Q.E.D.

Proof of Proposition 1

The following two lemmata are useful in order to establish Proposition 1.
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LEMMA 2. Consider an equilibrium reaction function R(.). If R(p, 0)= p,
and if {p, 1} belongs to the equilibrium path, then R(p, 1)= p.

Proof. If {p, 1} belongs to the equilibrium path, then the dealer who observes
state{p, 1} believes that his or her competitor quotes a price equal toR(p, 0)≥ p
(see Lemma 1). Thus, we have eitherR(p, 1)= R(R(p, 0), 0) or R(p, 1)= p.
Actually, a dealer in state (p, 1, R(p, 0)) can choose to keep priority at pricep but
otherwise he or she faces exactly the same problem as in state (R(p, 0), 0, R(p, 0)).
It follows that if R(p, 0)= p thenR(p, 1)= p. Q.E.D.

LEMMA 3. Consider an equilibrium reaction function R(.). The set of prices
such that R(p, 0)> p and R(p, 1)> p with p≥ p(1) is empty.

Proof. Assume that this is not the case and denote byp∗ the largest price such
that R(p∗, 0)> p∗ andR(p∗, 1)> p∗.

Step 1. Suppose that the state of the market is{p∗, 0} and consider a dealer,
say dealer 1, who revises his or her offer in this state. In equilibrium, dealer 1 must
postR(p∗, 0). Assume (to be contradicted) thatR(p∗, 0)> R(p∗, 1). Dealer 1 will
renounce price priority for the next two periods, and dealer 2 will quoteR(p∗, 1)
at the next period. Consequently, dealer 1 obtains (1−8)2V(R(p∗, 1), 0). Now
consider the following deviation for dealer 1. Dealer 1 offersR(p∗, 1) instead of
R(p∗, 0). With this offer, dealer 1 obtains price and time priority in the next period.
Actually his or her competitor does not observe this deviation sinceR(p∗, 1)> p∗

andonly the best price in the market is displayed. Thus, dealer 1’s competitor will
postR(p∗, 1) in the next period. Then (in two periods) dealer 1 follows the pricing
policy he or she would follow in state{R(p∗, 1), 0}. This deviation gives dealer 1
(1−8)851(R(p∗, 1), 1, R(p∗, 1))+ (1 − 8)2V(R(p∗, 1), 0), which is greater
than (1−8)2V(R(p∗, 1), 0). This implies that in equilibrium, it is necessarily the
case that

R(p∗, 0)≤ R(p∗, 1). (19)

Step 2. Suppose that the state of the market is{p∗, 1} and consider a dealer, say
dealer 1, who revises his or her offer in this state. According to Lemma 1, dealer 1
conjectures that dealer 2 has postedR(p∗, 0). Moreover,R(p∗, 1)= R(R(p∗, 0), 0).
Actually, the problem faced by dealer 1 is similar to the problem he or she
would face in state{R(p∗, 0), 0} becauseR(p∗, 0)> p∗. We want to prove that
R(R(p∗, 0), 0)< R(p∗, 0). In order to shorten the notation, let us definep′ ≡
R(p∗, 0).

Since p′> p∗, it follows from the definition ofp∗ that eitherR(p′, 1)≤ p′

(Condition (a)) orR(p′, 0)≤ p′ (Condition (b)).
If Condition (a) is satisfied, then we can show thatR(p′, 0)< p′ as follows. We

distinguish four cases:

Case 1. R(p′, 1)= p′. SupposeR(p′, 0)≥ p′ in equilibrium. Then the dealer
who does not have strict priority at pricep′ obtains zero expected profit in
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equilibrium. But, by undercutting his or her competitor, the dealer can obtain
a strictly positive expected profit by undercutting (becausep′> p∗ ≥ p(1)). Thus,
R(p′, 0)≥ p′ is not possible in equilibrium.

Case 2. R(p′, 1)≤ p′ − 2g(n). Let us compare first the set of possible choices
for a dealer who revises his or her quote in state{p′, 1} and in state{p′ − g(n), 0}.
The only difference is that, in the second case, the dealer cannot gain prior-
ity of execution if he or she postsp′ or p′ − g(n). This does not prevent the
dealer in state{p′ − g(n), 0} from following the same pricing policy as in state
{p′, 1} sinceR(p′, 1)< p′ − g(n). Thus,R(p′ − g(n), 0)= R(p′, 1). Now assume
R(p′, 0)≥ p′ in equilibrium. Suppose dealer 1 (say) is about to revise his or
her offer and the state of the market is{p′, 0}. If dealer 1 postsR(p′, 0), he
or she loses priority for the next two periods (sinceR(p′, 1)< p′). Dealer 1
obtains (1−8)2V(R(p′, 1), 0). Now consider the following deviation. Dealer 1
postsp′ − g(n) in state{p′, 0}. SinceR(p′ − g(n), 0)= R(p′, 1), dealer 1 obtains
851(p′, 1, p′ − g(n))+ (1−8)2V(R(p′, 1), 0). Sincep′ ≥ p(2),51(p′, 1, p′ −
g(n))> 0 and the deviation has been profitable. A contradiction. Consequently,
R(p′, 0)< p′ in this case, as well.

Case 3. R(p′, 1)= p′ −g(n)= p∗. Assume that in equilibrium,R(p′, 0)≥ p′.
If p∗ = p′ − g(n), then the expected profit of the dealer (say 2) moving in state
{p′, 1} is bounded by52(p′, 1, p′). But then,R(p′, 1)= p′ is optimal since it gives
exactly this profit ifR(p′, 0)≥ p′. A contradiction toR(p′, 1)= p′ − g(n).

Case 4. If R(p′, 1)= p′ − g(n)> p∗. Suppose that in equilibriumR(p′, 0)≥
p′. If R(p′ − g(n), 0)< p′ − g(n), there is a contradiction. Actually, the dealer
who revises his or her quote in state{p′, 0} is better off postingR(p′ − g(n), 0),
rather thanR(p′, 0). Actually with the offerR(p′, 0), the dealer postpones profits
for two periods, which is suboptimal. Consequently, in equilibrium,R(p′ − g(n),
0)≥ p′ − g(n). But then we haveR(p′ − g(n), 1)≤ p′ − g(n) sincep′ − g(n)> p∗.
Then, sinceR(p′ − g(n), 0)≥ p′ − g(n) andR(p′ − g(n), 1)≤ p′ − g(n), we can
reiterate the arguments offered for Cases 1, 2, and 3 until the contradiction is found.

If Condition (b) is satisfied as an equality, then Lemma 2 implies thatR(p′, 1)=
p′. But in this case, the dealer without execution priority when the best price is
p′ obtains a zero profit. If the dealer deviates by undercutting of at least one tick,
he or she obtains a strictly positive profit (sincep′> p∗ ≥ p(1)), a contradiction.
Thus, for all possible cases, we have proved thatR(R(p∗, 0), 0)< R(p∗, 0), which
means

R(p∗, 1)< R(p∗, 0). (20)

But (19) and (20) cannot be simultaneously satisfied. Therefore,p∗ does not
exist. Q.E.D.

Now we prove Proposition 1 in two steps.
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Step 1. We know from Lemma 4 that, in equilibrium, it is not possible for the
reaction function to be such thatR(p(1), 1)> p(1) and R(p(1), 0)> p(1). More-
over, Lemma 2 implies thatR(p(1), 1)> p(1)and R(p(1), 0)= p(1) is impossible
in equilibrium. Therefore,R(p(1), 1)= p(1) and R(p(1), 0)= p(1).

This proves the second part of Proposition 1.

Step 2. Now consider any price such thatp≥ p(2). Lemma 3 implies that at
least one of those two inequalities must be true: (i)R(p, 0)≤ p or (ii) R(p, 1)≤ p.
It is straightforward thatR(p, 0)≥ p cannot be optimal since with such a reaction,
a dealer would lose the chance to trade during two periods and would not trigger an
increase in the quote of the other dealer. This implies that necessarilyR(p, 0)< p
for p≥ p(2), which is the first part of Proposition 1. Q.E.D.

Proof of Proposition 2

Consider a grid with a tick size equal tog(n).

Case 1. Consider a dealer who revises his or her offer when the state of the
market is{p(i ), 0}, p(i )∈ [ p(2), p∗] ( p∗ is defined in the proposition). If the dealer
quotesp(1), he or she obtains strict priority until the end of the game and an
expected gain equal tog(n)

2 . If the dealer undercuts the best price by one tick
and if his or her order is not executed before the arrival of his or her competitor,
the dealer loses priority until the end of the game, according to the conjectured
equilibrium. Consequently, this choice gives the dealer an expected profit equal to
8(p(i )− g(n)−µ). This is lower thang(n)

2 sincep(i )≤ p∗. Finally, if the dealer
quotes a price greater than or equal top, his or her competitor maintains his or her
quote at the same level as long as he or she is not undercut or his or her competitor
quotesp(1) at the next round. Consequently, the dealer must choosep(1), which
proves item 2 of Proposition 2.

Case 2. Now consider a dealer who revises his or her offer in state{p(i ), 0}
with p(i )∈ [ p∗ + g(n), RB]. In this case, if the dealer undercuts by only one tick,
he or she obtainsat least8(p− g(n)−µ), which is larger thang(n)/2 since
p(i )> p∗. Moreover, the dealer’s competitor will not change his or her offer as
long as this offer has not been undercut sincep(i )> p∗. Consequently, in this case
R(p(i ), 0)= p(i )− g(n) is a best response. This proves item 1 of Proposition 2.

Case 3. Consider a dealer who revises his or her offer in state{p(i ), 1} with
p(i )∈ [ p∗, RB]. Proposition 1 implies that{p, 1} is never on the equilibrium path
if p(1)< p< RB. Consequently, ifp(1)< p< RB, the dealer believes that his or
her competitor quotesp(i )+ g(n). If p= RB, everything is as if the dealer were in
state{RB+ g(n), 0}. Sincep(i )+ g(n)≥ p∗ + g(n), using the argument developed
in the previous case, it is straightforward thatR(p(i ), 1)= p(i ) is a best response
for the dealer. This proves item 3 of Proposition 2.

Case 4. Finally, consider a dealer in state{p(i ), 1}, with p(i )∈ [ p(1), p∗ −
g(n)]. For the same reason as in Case 3, the dealer believes that his or her competitor
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has offeredp(i )+ g(n). Sincep(i )+ g(n)≤ p∗, using the argument developed in
Case 1, it is straightforward thatR(p(i ), 1)= p(1) is a best response for the dealer.
This proves item 4 of Proposition 2. Q.E.D.

Proof of Corollary 2

When time priority is enforced, if1≤ 1̄(g(n)), the best price converges imme-
diately to the competitive price. This implies

E( ˜T C(1, g(n))) = g(n)

2
∀1 < 1̄(g(n)). (21)

Now if 1>1̄(g(n)), it takes time to converge, and the expected trading profit for
a dealer is given by

V(1, g(n)) = 1

2

(
8

[
τ=τ ∗(8)∑
τ=0

(1−8)τ
(
am
τ −µ

)]+ (1−8)τ
∗(8)+1(p(1)−µ)

)
,

(22)

where we emphasize the dependence betweenτ ∗ and8 for the sake of the proof.
Using the definition ofτ ∗, it is direct thatτ ∗ is (weakly) increasing in8. It is then
simple to show that the RHS of Eq. (22) is increasing with8. Since8 increases
with 1, it follows that V(1, g(n)) increases with1 when1>1̄(g(n)). Since
E( ˜T C(1, g(n))) = 2V(1, g(n)), the corollary is proved. Q.E.D.

Proof of Corollary 3

Take1 as given. Consider a tick sizeg(n′)> 0, small enough so that1>
1̄(g(n′)). If 1>0, such a tick size exists sincē1(g(n)) increases withg(n)
and 1̄(0)= 0. From the definition of1̄(g(n)), it follows that for all tick sizes
g(n)< g(n′), τ ∗(g(n))> 0. Consequently, for all tick sizesg(n)< g(n′), we get

V(1, g(n)) = 1

2

(
8

[
τ = τ ∗(g(n))∑

τ = 0

(1−8)τ
(
am
τ −µ

)]

+ (1−8)τ
∗(g(n))+1(p(1)−µ)

)
. (23)

Sinceam
τ = RB− τg(n) for τ ≤ τ ∗, this can be rewritten as

V(1, g(n)) = 1

2

(
8

[
τ=τ ∗(g(n))∑

τ=0

(1−8)τ (RB − τg(n)− µ)

]

+ (1−8)τ
∗(g(n))+1(g(n)/2)

)
. (24)
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Using the fact that limg(n)→0 τ
∗(g(n))=∞, we get

V(1, 0)≡ lim
g(n)→0

V(1, g(n)) = RB − µ
2

∀1 > 0. (25)

Recall thatE(T̃C(1, g(n)))= 2V(1, g(n)). Consequently,

E(T̃C(1, 0))= 2V(1, 0)= RB − µ ∀1 > 0. (26)

Note that the trading cost cannot be larger thanRB−µ sinceRB is the liquidity
buyer’s reservation price. Convergence to the competitive price takes place in
finite time if g(n)> 0. Thus it is immediate thatE(T̃C(1, g(n)))< E(T̃C(1, 0))
∀g(n)> 0 if g(n)

2 < RB−µ, that is, ifRB> p(1), which is a necessary condition for
trading to take place. This proves that the tick size which minimizes the expected
trading cost must be strictly positive. Q.E.D.

Proof of Proposition 3

If C(0)> g(n)
4 , then6(0, g(n))< 0. On the other hand, lim1→+∞C(1)= 0,

which implies that lim1→+∞6(1, g(n))> 0 (becauseV(1, g(n))> 0∀1≥ 0).
This implies that1∗(g(n), c) exists and is strictly positive ifC(0)> g(n)

4 . Q.E.D.

Proof of Proposition 4

The first part of the proposition is straightforward. For the second part, con-
sider two levels of monitoring costs,ch andcl , with ch> cl . From the first part of
Proposition 4, we know that1∗(g(n), ch)≥1∗(g(n), cl ). SinceE(T̃C(1, g(n)) in-
creases with1, we haveE(T̃C(1∗(g(n), ch), g(n)))≥ E(T̃C(1∗(g(n), cl ), g(n))).

Q.E.D.

Proof of Proposition 5

We recall that1̄(g(n))= −1
λ

ln(1− g(n)
2 (RB−µ)−1). Let S(c) be the set of

tick sizes such that1∗(g(n), c)≤ 1̄(g(n)). Suppose thatc is sufficiently small for
g(0) ∈ S(c). We know from Corollary 1 that∀g(n) ∈ S(c), the adjustment of the
best price to the competitive level is immediate, and dealers’ expected profit is
equal tog(n)

4 . Thus,∀g(n) ∈ S(c),1∗ solves

g(n)

4
= C(1∗). (27)

Consequently,∀g(n) ∈ S(c), 1∗(g(n), c) decreases withg(n). Furthermore,1̄
increases withg(n). This implies that ifg(n′) ∈ S(c) andg(n)> g(n′), theng(n)∈
S(c) as well. Thus, there existsn∗(c) such thatS(c)= [g(n∗(c)), g(0)]. It is clear
thatg(n∗(c)) is an upper bound for the optimal tick size. We now prove thatg(n∗(c))
decreases withc. Consider two levels of monitoring costs,ch andcl , with ch> cl .
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By definition,

1̄(g(n∗(ch)) > 1∗(g(n∗(ch)), ch). (28)

As1∗ increases withc, the previous inequality entails

1̄(g(n∗(ch)) > 1∗(g(n∗(ch)), cl ). (29)

This implies thatS(ch)⊂S(cl ); i.e., g(n∗(ch))≥ g(n∗(cl )). Thus the optimal tick
size decreases whenc decreases sinceg(n∗(c)) is an upper bound on the optimal
tick size.

Finally, suppose (to be contradicted) that limc→0 g(n∗(c))= g′> 0. Thusg′ is
such that∀g(n)< g′ and forc sufficiently small,1∗(g(n), c)>1̄(g(n)). But con-
sider a tick sizeg(n)< g′. We can always choosec sufficiently small so that
V(1̄(g(n)), g(n))−C(1̄(g(n)))> 0. But this implies that1∗(g(n), c)≤ 1̄(g(n))
since 6(1, g(n)) increases with1. A contradiction. Thus, limc→0 g(n∗(c))
= 0. Q.E.D.

Proof of Proposition 6

AssumeRB≥ p(4) and8∈ [ 2
5,

2
3]. Consider the following reaction function:

1. R(p, 0)= p− g if p∗∗ < p ≤ RB.
2. R(p, 1)= p if p∗∗ ≤ p ≤ RB.
3. R(p, 0)= p(4) if p(4)≤ p ≤ p∗∗.
4. R(p, 1)= p(4) if p(4)≤ p < p∗∗.
5. R(p(3), 0)= p(2) andR(p(3), 1)= p(4).
6. R(p(2), 0)= R(p(2), 1)= p(2).

Here p∗∗ = p(5) if 8∈ [ 3
7,

2
3] and p∗∗ = p(6) if 8∈ [ 2

5,
3
7].

Computations similar to the computations used in the proof of Proposition 2
show that this reaction function is an equilibrium when time priority is not enforced.
We skip the details for brevity. It is direct thatp(4) is the focal price associated with
this reaction function. We now explain why we need conditions on8 in this case.
First, as explained in the first paragraph following Proposition 6, we need8≤ 2

3
in order to prevent a dealer from undercutting the focal price. Second, if a dealer,
say dealer 1, were to undercut the focal price, we would need dealer 2 to retaliate.
This meansR(p(3), 0)= p(2). However, dealer 2 could decide not to react and
chooseR(p(3), 0)= p(4). SinceR(p(3), 1)= p(4), this would bring back the best
price atp(4) when dealer 1 revises his or her offer. Thus, forR(p(3), 0)= p(2) to
be optimal, we need

8(p(2)− µ)+ (1−8)
(p(2)− µ)

2
≥ (1−8)

(
p(4)− µ

2

)
. (30)

This is the case if8 ≥ 2
5. Q.E.D.
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